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53) find a point of the straight line xg = y1+1 = 2;3 such that its x-

coordinate equals double its y - coordinate
(a)(-6,-3,-1) (b)(4,2,-1) (0)(6,3,-1) (d)(2,1,-1)

Complete the following:

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

54) the measure of the angle between the two straight lines 2 x=3y
=-7Z and6x=-y=-4zequals......

55) the length of the perpendicular drawn from the point (- 1, 0, 1)
to the straight line = ; L = y; L= Z_+11 equals .......

56) the parametric equation for the straight line passing through the two
points A(- 1,0, 3)and B(1, - 1, 0) are .....

57) the equation of the straight line passing through the two points A (2,
-1, H)andB (-1,0,2)is .....

58) if the straight line = J; > = y_+61 = ZI_(Z is parallel to the straight

;1,thenk+m= .....

x+2 _y-5 _z

line
m

59) the direction vector of the straight line = J; 2 = Z; L equals ......




The equation of plain in space

* Vector from of equation of the plane in space :

If the point A (X1, y1, z1) lies in the plane and its position vector is 4 and the vector 7
where n = (a, b, ¢) is normal direction

Vector to the plane and the point

B (x y, ) is appoint on the plane its position 7 then :

n.AB =0, n.(B - A)=0

n.B-n.A=0

n.B=n.A v7 =B

— 7.7 =7.A — the vector form of equation of plane in space

To find the vector equation of plane in space you have to know the point in the plane
and direction vector perpendicular to the plane .

find the vector form of equation plane passing the point (0, 1, 1) and the
vectorn =1+ + k is perpendlcular to the plane

@\@ M%@TIC)W

=(0,1,1) “AL.F =7.A
,1,1).(0,1,1) - (1,1,1).7r =0+1+1

find the vector form of the equation of the plane passing the point (3, - 3,
1) and the vector n = (1, - 2, 3) |s perpendicular to the plane

@\@ M%@?I()m

n=@1-23) , A=(2,-3,1) ~n.7=n.4
—(1,-2,3).7r =(1,-2,3).(2,-3,1) > (1,-2,3).7r =2+3+6
—(1,-2,3).7r =11

The standard form of equation of plane in space:

i.AB =0, n.(B-A4) =0 , #@.(n-A)=0
Where#i =(a,b,c) , 7=(xy,2) A= (X, Y1, 21)
~ (a,b,c). (X-X1,y-Y¥1,2-21) =0
~a(X-x)+b(y-y)+c(z-z)=0

— The standard form of equation of plane in space:
The general form of equation of plane in space:
val(X-X))+b(y-y1)+c(z-z1)=0
~ax+hby+cz+(-ax;-by;—cz1) =0

Let - ax;- by; —cz; =d

cav+thv+err74+d=0




The general form of equation of plane in space

Find the standard form and general form of equation of the plane
passing the point (3, - 5, 2) and the vectorn = (2,1, 1)

Q\@@’TI@W

The standard form: a (x -x3) +b (y-y1) +c(z-z1) =0
—2(x-3)+1(y+5)+1(z-2)=0

The general form: 2x -6+y+5+z2-2=0—-2x+y+z-3=0

Find the different forms of equation of plane passing the point (- 3, 4, 2)
and the vector n=(1,-1, 3) i is perpendlcular to the plane

g@@ﬂcm

The vector form: 7.7 =7 . 4

(1,-1,3).r =(1,-1,3).(-3,4,2)=-3-4+6

1,-1,3).r =-1

The standard form : 1(x+3) -1 (y—-4)+3(z-2)=0

(x+3)-(y-4)+3(z-2)=0

The general form : x+3-y+4+3z-6=0
-y+3z+1=0

The equation of the plane passing through three non-collinear points

find the different forms of equation of plane passing through the point
3,-1,0,214,(0373

. 1%

sOLUTICN

First , we must make sure that the points are non-collinear

Let A= (3 10) B= (214) C=(0,3,3)

AB = B-A= (124)AC-C A= (343)

a; _ 1 _1 by _ 2 1 ) b,

w33 b 12 iy

= the three points non collinear

To find a direction vector n perpendicular to plane :

i ]k

-1 2 4
-3 4 3

n=ABXAC n-= —>n=-101-97 +2k

S 7A=(-10,-9,2)

The vector form: 7.7 = 1. A



(-10,-9,2).7 =1.4A — (- 10,-9,2) . (3, - 1, 0)

(-10,-9,2).r =-30+9+0—(-10,-9,2).r=-21

The standard form :a (X -x1) +b (y-y1)) +c(z-21) =0
-10(x-3)-9(y+1)+2(z-0)=0 —--10(x-3)-9(y+1)+2(2)=0
The general form —10x -9y + 2z +21 =0

Or(-10,-9,2). r =-21

(-10,-9,2). xy,z) +21=0—>-10x -9y +2z+21 =0

(6) Find the different forms of equation of plane passing through the
point (1, 0,0), (0, 2, 0), (0, 0, 3)

%
sOLUTICN
Let A (1,0, 0), B(O0, 2, 0), C(0, 0, 3)

AB=B -4 =(-1,2,00 AC=C -4 =(-1,0,3)
Let the direction vector perpendicular to the plane is n

~

{
-1 2 0
-1 0 3
The vector form: 7.7 =7 . A
(6,3,2).7 =(6,3,2).(1,0,00=0+6 —>(6,3,2).n=6
The standard form :a (X -x1) +b (y-y1) +c(z-2z1) =0

6(x-1)+3(y-0+2(@z-0=0 -6(x-1)+3y+2z=0
The general form : (6, 3,2) . (x,y,z) =6 —>6x+3y+2z-6=0
Another solution:

Equation of plane passes the point (X1,y1,21),(X2,Y2,22),(X3,Y3,Z3)
X — X1 Y= Z—Z

—|X2— X1 Y2— V1 Z2— 74
X3— X1 Y3~ V1 23— Z3

>
=~

n=ABxAC — —>n=6{+3] +2k=(6,3,2)




Plane containing two lines

Prove that the two lines 7, = 3t +j-k)+t, (+2 ] + 3 k)

,=Q2i+5))+t(i- j+ k) are intersecting and find the equation of
the plane containing them.

\9,
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If the two lines are intersecting then rl = r2
(3,1,-1) +t1(1,2,3) = (2,5,0) + t2 (1,-1,1)

3+t1=2+1 — t1-th=-1 (1)
1+2t1=5-t, —2t1+t,=4 (2)
1+3t;=0+1 -3 -tb=1 (3)

From (1) & (2) t1 =1, t, =2 Dby substitution at (3) L.H.S=R.H.S
=~ the two lines intersect
the direction vector fi that is perpendicular to the plane

{ j k

n=dyxd, —l|1 ]2 3| =5i+2f - 3k=(5,2,-3)
1 -1 1l

The vector equation:n .7 =n . A

— (5.2.-3) . 7=(523). 31-1)=15+2+3

— (5 2, 3) r =20
the general form: (5,2,-3) . (x,y,z) =20 — 5x +2y — 3z-20=0

Prove that the two lines L1:2x =3y =4z, L,:3x =2y =5z
intersect then find the equation of the plane containing them.
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L1:2x=3y=4z=1 x—?, y— 2=
equation of L, : 77 = (0,0,0) + t; (6,4,3)
L2:3x=2y=5z2=12 .-.x=%2, yz% : zz%
equation of L;: 7, =(0,0,0) + t,(10,15,6)

if the two lines intersect: . 7, =7, - t1(6,4,3) =1, (10, 15,6)

6t1 = 10t2 1t: % (] (1) y o 4t = 15t (2) , 3 L= 6t2 ~h = th (3)

From (1) & (2),t1=0&t, =0 ~ t; = 0& t, = 0 satisfy (3)

= The two lines intersect 0 (0,0,0) lie on the plane, let n be normal vector to plane

i ;] k
n=|e 4 3| =(21,-6,50) - eqg.of planeis-21x-6y+50z=0
10 15 6



Find the point of intersection of the line2x =3y -1=2z-4
with the plane 3x +y -2z =5

sOUTICN

The equation of the plane : y =5 - 3x + 2z

by substitution in equation of line : 2x =3(5-3x+2z)-1=2-4
2X=15+62-9x-1=z2-4— 2x=14+62-9x=2z-4
11X - 6z=14 — (1) 5z- X =-18 — (2)

by solving (1),(2) x =-38,z=-72

by substitution in equation of the plane — y = -25

= the intersection point (-38, -25, -72)

Find the intersection point of the line 7 = (1,4,2) + 1 (3,2,2)
with the plane (3,2,2) .7 =-2

Y
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The equation of plane: 3x+2y+2z+2=0
The equation of line: x=1+3t, y=4+2t, z=2+2t
By substitution in equation of plane:
31 +3t)+2(4+2t) +2Q2+2t)+2=0 >3 +9t+8+4t+4+4t+2=0
st=-1 wx=-2 , y=2 , z=0 ~(-2,2,0) is the intersection point

The angle between two planes :
is the measure of the angle between the two direction

: . |n1 . na
vectors perpendicular the two plane is given by cos 6 = — 2

where 0 <0 < 90°

Ingll Im2]]

Find the measure of the angle between the two planes
Pi:(2,-1,4). 7=5, P:3x-y+2z=4

| 1%
sOUTICN
The direction vector perpendicular to the first plane is n1 = (2, -1, 4) the direction
vector vector perpendicular to the second plane is n, = (3,-1,2) .. the measure of the
In1 . nal 1(2,-1,4) .(3—12)| _

angle between two plane i1s cos 0 = ———— — cos 0 =
S ¢ Il 7] VAT 16+1o+114

|6 +1+8] 15
N o e N A

—  0=28°58



\ Find the measure of the angle between the two planes
Xx-3y+2z=0 : 2x+y-2=3

Y
s®UTICN

s 72l _[2-3-2]

n=(1,-3,2),n,=(2,1,-1), cos ) =——"—=
1= ) M2 = ( ) Ingll Imzll - Via V6

=—— 0=70°53'36"

Parallel planes and perpendicular planes :

If n; . n, two direction vectors perpendicular to planes then :
ag _ by )

1) the two planes are parallel if ny // n, (ie =
a b, C2

2) the two planes aree perpendicular if n; . n, =0
(ie. ai, ap, + by by + C1C2 = O)

is the plane 2x -y + kz =5 is parallel to the plane x + ly + 4z =1

find the value of k , |

sOUTICN
a; by _ c1 2 1 k
- the two planes are parallel = = — = — = =-—=—
az by ¢ 1 1 4
4
-8
2

If the plane x - 3y + z = 4 is perpendicular to the plane ax +2y + 3z = 2
find the value of a.

sOTICN
_Tl_fz(li-3’1) ) _n_Z_\z(a’253) .‘-PlJ_PZ °.'_ﬁ£.ﬁ2_\:0
(1,3, 1)(@,2,3)=0>a-6+3=0 ~a=3




Find the equation of intersection line of the two planes
X+2y-22=1 |, 2X+y- 3y 5

(?\@\4‘%@?1()@
by eliminating x from the two equation :
X+2y-2z=1-—(1) 2x+y-3y=5—>(2)
multiplying (1) (by - 2)
22X -4y +4z7 =-2 —-3y+z2=3
2X+y-32=5 —z=3+3y
by eliminating y from the two equations
X+2y-22=1
-4x-2y+6z2=-10 — -3x+4z=-9

3x — 9

z= x4 — the equation of line of intersection
3x-9 _3y+9_z

4 1 1

g8 @ﬂ@@@
w-3y+z=3 letz=k —3y+k 3 y—
-3x+4z=-9 ax= 2EE 22 g2y
3 3 3
the parametric equation of intersection line is
=3+ k, y=-1+1k , z=k
3 3

N
sO1VTIEN
The intersection line is perpendicular to the two vectors n; , m,which are
perpendicular to the two planes.

- the direction vector of the intersection line d is given by

d ="y XM,
i 7k ~
1 2 —2| =-4i-j-3ktofinda pointon the intersection line let x = 1
2 1 -3

by substitution on the equation of the first plane 2y - 2z = 0 — (1) by substitution on
the equation of the second plane y-3z=3 — (2)

by solving the two equation : z = % , Y= 'E

the point (1 ,— % — g) lies on the line of intersection
=~ The equation of line of intersection is
_ _3_3 _4 -1 -
=(1,-2,-3)+t(-4,-1,-3)



Find the equation of the line of intersection of the two planes
3x-y+2z=3, X-2y+52=2

P
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By eliminating y from the equations by multiplying the first equation by (-2) and
adding the two equations

-6X+2y-4z=-6,X-2y+52=2 > -bXx+z2=-4..2=5Xx-4

By eliminating x from the equations by multiplying the second equation by (-3) and
adding the two equations

5y+3
-3X+6y-152=-6 , 3X-y+2z=3—>5y-13z=-3.~2z= 3
: : . . 5y+3
The equation of the line of the intersection: z =5x — 4 = 3;3

The length of the perpendicular from a point to a plane :

If A(x1, Y, Z1) is a point out of the plane (x) and the point B belongs to the plane (x) n
is a direction vector perpendicular to the plane then the distance between the point A

and the plane equals the length of projection of BAonnis 7" ko

- lfﬁ'nﬁl [Z _\

Find the length of the perpendicular drawn from the point (1, -1, 3) to
the plane of equation r.(2,2,-1)=5

%
sOLUTICH
r.(2,2,-1)=5 ~n=(22-1)
let the plane intersect z - axis at the point (0,0,2)
~0,0,2)(2,2,-)=5 —>z=-5
=~ the point B (0,0,-5) lying on the plane.

BA=A-B BA =(1,-1,3)-(0,0,-5) BA =(1, -1, 8)
. BA. i
the length of the perpendicular L = H

_la-19.e2-vl 8
- J2Z+224(-12 3




Find the perpendicular length drawn from the point (-2,1,4) to the plane
whose equation 7 . (1,-3,2) =4

%
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v 7 (1,-32)=4 -~7m=(1,-32)
let the plane intersect z - axis at the point B(0,0,z) —
7 .(1-32)=4
(0,02).(1,-3,2)=4 —2z=4—>2z=2
~* the point B = (0,0,2) r = (0,0,2)
BA=A-B A=(214) BA=(-214)-(002)
BA = (-2,1,2)
The length of the perpendicular distance (L)

_|BA. 7| 1(=212).(1,-32)| |-2-3+4] 1 LU

o lml o vitera T V12 Vid
The cartesian form of the perpendicular length from a point to a plane:
v = [BA. 7| |(x1 —x2.y1 = ¥2.,21 — 22).(a,b,c)]
' I | VaZ+b2Z+c2

|(ax1 +b y1 +c z1) — (axy +b y, +c z3)| .
L= * the point B(Xz, Y2,z
Vaz+brc? point B, yaz2)

lies on the planeax + by +cz+d =0 o~ d=-axz - bys - czo
L= |(axq +b y1 +cz1+4d) |
T va?+b?+c?

the cartesian form of the perpendicular length

Find the perpendicular length drawn from the point (1, 5, - 4) on the
plane whose equation 3x -y +2z = 6

. v
s®WUTICN
L = |(ax; +by; +czi+d)|  |(3(1)-5+2(-4)-6)| 16

va2+b2+c? JVo+1+4 V14




Find the perpendicular length drawn from the point (-1, 4, 0) to the plane
whose equation X -2y —z =4

\Q/
¢OLVUTICN
oy 7-4=0 .:Lzl(ax1+by1+czl+d)|
<o Va2 b2 402
lc12@-@-91_13

VIt+a+1 V6

The distance between two parallel planes :

Prove that the two planes x + 3y -4z=3, 2x+6y-8z=4
are parallel and find the dlstance between them.

e@mﬂcm
. . 1 by 3 1
n1=(1,3,—4),n2=(2,6,_8) _=E’Z=E=E
¢ _ 4 1 a1 _by _a
g____s_z .az bz Cy

=~ the two planes are parallel to find the perpendicular distance in P(1):

letx=0,y=07z=- % the point (0,0,- %) € P(1)

Jewre@-8(-3)-4)| 2 vz
- Jirsercd =i 26 "~V

Prove that the two planes : 3x + 6y + 62 =4 , x + 2y + 2z = 1 are parallel
and find the distance between them

e@@ﬂcm
a1 _3 _, b1_6 _
n.=(3,6,6),n, =(1, 2, 2) p _1 =3 s =3
€1 6 _ a1 b1 _a
& 23 az by ¢ = PIRE)

inthe P(1) : letx=0,y=0, z=

YO

0) +2 (0) +2( 2) -1 1
the point (0.0, = ) € P(1) |_:| \Wf;) )|:j§=

O | =

. u



The equation of the plane by using the intercepted parts from the coordinate
(cartesian) axes.

* If the plane intersect the coordinate axes at the points (xi, 0, 0) ,(0, y1, 0)
(0,0,z,) then the equation of the plane is in the form :
— the equation of the plane in terms

X Z
of the intercepted parts from axes. — X _Z
X1 Y1 41
Prove that the equation of the plane in terms of the intercepted parts
from axes is R
X1 Y1 Z1
g@\m@TIC)W
1 by _3
=(1 -4 = (2 — == SR
n1(3)n2(68) 2 b, 6 2
o _ 4 _1 b1 _a
Co C- 8 - 2 . Cl2 b2 Co

= the two planes are parallel to find the perpendicular distance in P(1):

letx=0,y=07z=- % the point (0,0,- %) € P(1)

L:|(2(4)+6(0)—8(—%)—4)|: 2 V&
V4+36+64 V104 26

Find the equation of the plane which intersects the coordinate axes X, Y,
ztheparts2,-3,5 respectlvely

@us@TI@ W
. x z X y z
equation of theplane — + — + — =1->--= 4+ - =1
X1 Y1 Z1 2 3 5

s®LUTICW
2x 3y z x y z
'2X+3y—-2=6 (:6)o— +—=—--=1--5=+=--=1
6 6 6 3 2 6

the parts 3, 2, -6 respectively.



\S.\. If the plane 3x + 2y + 4z = 12 cuts the axes X , Y, z at the points A,B,C

gy § Findthe area of triangle AB C.

0.0 / . %

SsOUTICN
X VA

3x+2y+4z=12—> >+ % + 2 =1 theparts (4,6,3)

5+2v15 + 3V5

2

Let the sides of the triangle be m, n, o

A=S.,/S(S — m)(S — n)(S — o) =5V11 unitarea




Summary

Direction Vector:
1) If I,m and n are direction cosines of a straight line , So vector

d=t (I, m, n) represents direction vector of the straight line and it's denoted by
symbol d = (a, b, ¢) and numbers (a, b, c) called the direction ratios of straight line.

2) Direction vector of straight line take several equivalent forms as
d= 2(l, m, n) = 3(l, m, n) = - 4(l, m, n) Equation of straight line:
Equation of straight line which passes through point (x1, y1, z1) and vector d= (a,
b, c) is direction vector to it
Vector form 7 = (x1, Y1, z1) + t (a, b, ¢) Parametric Form: x = x; +ta,y=y; +tc
X—X9 Y—V1_2Z—- 2
a b ¢

Cartesian Form:

Angle between two straight lines:

If di & d; are direction vectors of two straight lines then the measure of the smallest
| d1.d;|

Iy |l [laz]|

and if (I, mg, n1) and (l2, mz, ny) are direction cosines of two straight lines then: cos 6

= |1, + mym, + nyn,|Parallel and perpendicular conditions of two straight lines: if

d, = (a2, b1,c.) & d, = (a2, by, C2) are direction vectors of two straight lines then: The

two straight lines are parallel if: d; =kd, or d; xd,=oor& = 22 = &

a b, C2

The two straight lines are perpendicular if: a; a; + b1 by +c1¢2,=0

angle between the two straight lines is cos 6 =

Equation of a plane:
The equation of a plane passing through point (x1,y1,z1) and vector n = (a, b, c) is
perpendicular to the plane.
The vector Form: nn . 7 = n. (X1, Y1, Z1)
The standard Form: a(x - X1) + b(y -y1) +¢c(z—2z1) =0
General Form:ax + by +cz+d =0
Angle between two planes: If n; = aj,b1,¢1, & Ny = az,b,,C, are perpendicular vectors
to two planes, then the measure of the angle between the two planes is given by the
relation:
__|nyny|
cos= —/— where 0 <6
| |l 2l

The two parallel and perpendicular planes:

If n, = (a1,b1,¢1) & n, = (az, b2,c2)

are perpendicular vectors to two planes, then The conditions for the two planes to be
parallel are:



— — a1 b1 C1
n/ln,or —=—=—
as b, Co
and to be perpendicular are: n; .n, =0o0raja; + by b, +ci1c2 =0
The length of the perpendicular drawn from a point to a plane:
The length of the perpendicular drawn from point A(X1,y1,21) to a plane passing
through point B (X2, y2,22) and vector n; = (a, b, ¢) is perpendicular to plane.

The vector Form: L |BA .7

lax1 +b y1 + czq1+d]|

va2+b2+c?

The cartesian Form: L =



Wn

Answer the following question:

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

1) find the different forms of the equation of the plane passing through
the point (2, - 1, 0) and the vector is7n = 4 +10 j - 7 k is normal to it
[4x+10y—-7z+2=0]

2) find the general equation of the plane passing through the origin point

and the vector n = §+2j - 3 k is normal to it
[x+2y—-3z =0]

3) find the different forms of the equation of the plane passing through
the three point A (2,-1,0),B(-1,3,4)and C (3,0, 2)
[(4,10,-7)7 =-2)]

4) find the equation of the plane which passes through the point (2, 1, 4)
and is :

(@) parallel to the plane 2 x+3y+5z=1 [2x+3y+5z-27=0]
(b) perpendicular to the straight line passing through the two points (3,

2,5)and (1, 6, 4) [2x-4y+z-4=0]
(c) perpendicular to each of the planes 7x +y+2z=6and3x+5y -6
z=8 [-x+3y+2z-9=0]

5) if the plane X contains the points A (1, 4, 2), B (1, 0, 5) and

C (0, 8, -1) and the plane Y contains the point D (2, 2, 3) and the vector
n=1+2j-2k isperpendicular to it

(@) find the cartesian equation of the X- plane. [By +4z —20 =0]

(b) find the cartesian equation of the Y- plane [x + 2y + 2z — 12 = 0]
(c) what are the values of t and f if the point (t, O, f) belongs to each of
the two planes X, Y ? [f=5,t=2]
(d) find the vector equation of the line of intersection of the two planes
X, Y [=(2,0,5)+t(-2,4,-3)]
(e) if the point (1, 1, p) is equidistant from the two planes X, Y, find the

possible values of p [g or 3]

6) find the different forms of the equation of the plane that intercepts 2,
4, 5 from the coordinate axes X, y , z respectively
[(10, 5,4) « 1 = 20]




S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

S.B.2017

MOE 2017

7) find the equation of the plane which contains the straight line L; and
is parallel to the straight line L, where

Li:7=(0,3,-5)+1t(6,-2,-1)

L,:r=(1,7,-4)+t(1,-3,3) [9x + 19y + 16z + 23 = 0]

8) if a plane intersects the coordinate axes at the point A, B, C and the
point (p, q , r) is the point of intersection of the medians of triangle

ABC, prove that the equation of the plane is% + % + % =3

9) if the point A, B, C and D are in space, where their position vectors
with respect to the origin pointare -j + k,21-7+3k,-i-27+2k
and 71 - 47 + 2 k respectively

(a) find the normal vector to the plane ABC [2i-47-2k]
(b) show that the length of the perpendicular from D to the plane ABC
equals 2 V6

(c) show that the two planes ABC and DBC are orthogonal .
(d) find the equation of the line of intersection of the two planes ABC

and ODB [r=(2,-1,3)+1(38,-18, 74)]
10) find three point in space belonging to each of the following planes:

(a)x =3 [(3,0,0),(3,1,2)and (3, -1, 4)]
b)y=-2 [0, -2,0),(1,-2,3)and (2, -2, 4)]
(c)x+3y=5 [(2,1,0),(-1,2,0)and (8,- 1, 0)]
d)2x-y+3z=4 [(1.1,1), (0,0, D)and (0, - 1, 1)]

11) prove that the point A (2, 3, 1) and the straight line
L:7=Bi+j+3k)+t (1-2]+2k) lie on the plane whose equation
isTe(2i- k)=3

12) find the distance between the point (2, 1, - 1) and the plane
re(l-27+4k)=9

[13\/21
21

13) prove that the two planes 2x +y +2z=8and4x+2y+4z+5=

0 are parallel, then find the distance between them [%]

14) find the projection of the point (1, 2, 3) on the plane
X+2y+4z=59 [(3,6,11)]
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15) find the point of intersection of the planes2 x +y —z =- 1,
X+y+z-2=0and3x-y—-z=6 [(2_—55)]

2 "2

16) if the length of the perpendicular drawn from the point A (0, -1, 2)

to the plane v2 x +y = z + k = 0 equals 2 units of length , find the value
of k. [7 or —1]

17) if the plane 2 x —y — 2 z + 12 = 0 intersects with the sphere
(x +3)2+ (y +2)?+ (z-1)> = 15, find the area of the cross section
(trace) [11 7 squared units]

18) if the plane 2ax -3 ay +4az+ 6 =0 passes through the mid-
point of the line segment joining the centers of the two spheres x? + y? +
z22-6x+8y—-2z=13and x*+y?+7>-10x+4y-2z=28, find the
value of a [- 2]

19) find the measure of the angle between each of the following pairs of
planes :

@p1:2x-y+z=5, p2:3x+2y-2z=1 [78°34' 42"]
O)ypr:7(2, 1,-1)=4, p2:7°(3,-20)=7 [63° 4" 10"]
C)pi:y=4, p2:x-3y+5z=1 [59° 31" 47"]
(dp1:3x-y=5, P2:X-2y=4 [457]
e)p1:2x+2y+72=8, p2:3Xx-4y+4z=5 [57° 28']

20) find the cartesian equation of the plane whose equation is (X, y, z) =
(2, 3,5) +11(-1, 3, 4) + t2(6, 4, -2), where t; and t, are parameters
[10 x — 22y + 19 z — 49]

21) a sphere of center M (2, - 1, -2) and radius length units is placed on
the plane 2x + 6y — 3z + k =0, find the value of k [17, or — 25]

22) find the equation of the line of intersection of the two planes
X+2y—-2z=1land2x+y-3z=5 [r=(3,-1,0)+t(-4,-1,-3)]

23) prove that the two planes2x +y+2z=8and4x+2y+4z=10
are parallel , then find the distance between them . [1 units of length]

24) prove that the straight line ¥ =k +t (2§ +3 j + 4 k) is perpendicular

3
totheplanex+zy+22=5
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25) find the coordinates of the point of intersection of the straight line
r=k +t(2i+j+ k)withtheplane 7+ i =4 [(4, 2, 3)]

26) find the coordinates of the point of intersection of the straight line
passing through the two points (3, - 4, -5) and (2, -3, 1) with the plane
passing through the points (2, 2, 1), (3,0, 1) and (4, -1 0) [(1,-2,7)]

27) find the coordinates of the point of intersection of the straight line
r=(2,-1,2)+1t(3,4,2)withtheplaner  (1,-1,1) =5

[(21 _11 2)]
: . x—1 +3 _
28) prove that the straight line ad —— y_ - Z; intersects the plane
3X +2y +z -8 =0 at a point and find the measure of the inclination
angle of the line to the plane [30°]

29) find the point of intersection of the straight line x =y = z and the
planex+2y+3z=12 [(2, 2, 2)]

30) find the measure of the angle included between the straight line L:

x-3 y—-1 —z-2 _ .
5 T T and the plane V2 x—y—z+5=0 [30°]

31) if the straight linex=2+t,y=-1+2t,z=-3tis parallel tothe
plane 11 x — 4y + z = 0, find the distance between them

[13@

69

unit of length]

32) consider the points A (2,1,0),B (1,2,2),C(3,3,1)and D (1, 1, 4):
I ) verify the points A, B, C determine aplaneandx —y+z—-1=0isa
cartesian equation for it .

I1) Show that A ABC is equilateral and prove that its area is %5 units of area.

1i) find the parametric form of the equations for the straight line that

passes through D , perpendicular to the plane ABC .
[x=1+ty=1-t,z=4+1]

Iv) the point E is the projection of D on the plane ABC :

(a) determine the coordinates of the point E , then calculate the distance

between D and the plane ABC [0, 2, 3) , V3 units length]
(b) determine the centers of the two spheres that touch plane ABC at E

and the radius of each of them is v/3 units of length [( 1, 1, 4), (-1, 3,2)]
¢) calculate the volume of the pyramid ABCD E cubic unites]




33) consider the points A (2,4,1),B(0,4,-3),C(3,1,-3)and
D (1,0, -2):
Answer each of the following with (true) or (false) giving reasons:

1) the point A, B, C are not collinear ( )
) 2x +2y-z-11=0Is a cartesian equation for the plane ABC

( )
i) the point E (3, 2, - 1) is the projection of the point D on plane ABC

( )
iv) the two straight line AB, CD are coplanar ( )
V)Xx=t-3,y=-t,z=t+ 1 are the parametric equations of CD where
teER ( )

34) consider the points A (1,-1,-2),B(1,-2,-3)and C (2, 0, 0)

1) (a) prove that the points A, B, C are not collinear.
(b) write the vector equation for the plane ABC
(c) verify that x + y — z — 2 = 0 is a cartesian equation for the plane

ABC

i) consider the two plane P and Q defined by the equations P : x - y —
2z+5=0andQ :3x+2y-z+ 10 =0 prove that the two planes P
and Q intersect at the straight line L whose parametric equations are

X=t-3,y=-t,z=t+1wheret€R
iii) determine the intersection of the planes ABC, P, Q [(-9, 6, -5)]

35) consider the pointA(-1,1,3),B(1,0,-1),C(2,-1,1)and
D (2, 0, -1) and the plane P whose equationis2y +z+ 1 =0 LetL
be a straight line whose parametric equationare x=-1,y=2+t,z
=1-2twhereteR
1) write the parametric form of the equations for BC and verify that BC
lies in the plane P. [Xx=1+t,y=—t,z=-1+21]
I1) show that the two straight lines L, BC are not coplanar (skew)
i) calculator the distance between point A and the plane P

[% unit of length]
(b) show that D is a point in P and A BCD is a right-angled triangle

Iv) show that ABCD is a pyramid and calculate its volume
[ 1 cubic unites]




36) Consider the points A (2, 1, -1), B (1,-1, 3),C (— ; -2, 1) and
D (% -3, O) and let | be the mid-point of AB

1) (a) Find the coordinates of I. (% 0, 1)

(b) Prove that the plane P: 2 x + 4y - 8z + 5 = 0 is perpendicular
bisector of AB.
I1) Write the parametric form of the equations of the straight-line L that
passes through the point C and u = (1, 2, - 4) is a direction vector for it.
[X=->+ty=-2+2t2=1-4]
1) (@) Find the coordinates of E which is the point of intersection of

plane P and the line L. [(_g7 ’_g — g)]

(b) Show that L, AB are coplanar and deduce that A IEC is a right
triangle

iv) (a) Show that ID is perpendicular to each of 4B, IE.
(b) Calculate the volume of the pyramid DIEC. [? cubic unites]

37) If the points A (1,1,0), B (2, 1, 1), C (-1, 2, - 1), answer the

following:

1) (a) Prove that A, B, C are not collinear.

(b) Show that the equation of the plane ABCis x+y—-z-2 =0.

i) If the equations of the planes X and Y arex+2y-3z+1=0and 2 X

+y -2z -1=0 respectively and the straight line L passes through the

point C (0, 4,3)and u = (-1, 5, 3) is a direction vector for it.

(@) Write the parametric form of the equations of straight-line L.
[x=-t,y=4+51 2z =3 +3f]

(b) Prove that the line of intersection of the two planes X and Y is the

straight line L.

1ii) Determine the intersection of the three planes ABC, X, Y.

[(-1,9.6)]

38) Given that the equation of the plane X: x- 2y + z + 3 = 0, answer
the following:

1) Determine the point A which is the point of intersection between
plane X and x-axis. [(-3,0,0)]
i) If B (0,0,-3) and C (-1,- 4, 2):

(a) Prove that the point B lies on plane X.

(b) Calculate AB. [3v2 unites of length]
(c) Calculate the distance between the point C and the plane X

[2+/6 unites of length]
iii) (a) Write the parametric form of the equation of the straiaht line



passes through the point C and perpendicular to plane X.

[x=-1+t y=—4-2t, z=2+1]
(b) Prove that point 4 belongs to a straight-line L.
(c) Calculate the area of A ABC. [ 6+/3 squared unites]

39) Prove that (A « B) +||[A x B||<v2 ||4]| || B|






