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Introduction

 

Last year, we have taken the exponential functions, and we have known 

that it has the form ( ) xf x = a , where the base a is positive constant number except 1 . 

Exponential functions are useful for modeling many natural phenomena such as population 

growth ( )a 1  or radioactivity decay ( )a 1 . 

 

 

 

The Exponential functions

This notation was chosen by the Swiss mathematician

Leonhard Euler in 1727, probably because it is the

first letter of the word exponential. 

If  we want to find the slope of the tangent 

 The magic number e

( )  x x

x

x

line to the

curve y 2  and y 3  at point 0 ,1 see the fig. .

We found that when y 2 , its slope m 0.7 .

Also we found that when y 3 , its slope m 1.1

I  wonder when the slope of the tangent is equal to 1 .

In fa

= =

=

=

x x

x

ct there is a number which is between 2  and 3

and  its slope is 1. This number was e 2.718281828....

As we said before e  has

=

a property that its y y'

which will prove to you

how this number came

=
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x

n 0

from.
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2 3 2 n n 1 n 2

dy 1 x x
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e y 1 .........
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Then by using taylor's series: e

n!

By putting x 1
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n 0

1 1 1
: e 1 1 .........

2! 3! n!

1
Then by using taylor's series: e 2.718281828.....

n!



=

 = + + + +

= =

 xThe natural Exponential function e

( )

( )

x

x

x a , there is one that is most convenient

for the purposes of calculus which is e .... why?

The choice of the base a  is influenced by the

way the graph y

=

For all possible bases of  an exponential function

f

x

x

a  crosses the y - axis .

e  has a property that it is its own derivative,

which means that it crosses the y - axis with slope 1.

The geometrical significance of this fact is that

its y - coordinate heig

=

( )
dy

ht  its slope .
dx

=

Rules

 x

The derivative of  natural

exponential function e

( )

( ) ( ) ( ) ( )

x x

g x g x

a x a x

dy
1 If  y e e   for x R

dx
dy

2 If  y e e g' x
dx

dy
This means that if  y e ae

dx

=  = 

=  = 
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x

Domain :       

P

Range :
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 TypeR 0 :, one - one

s of e
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Find  the first derivative of each of the following functions: 
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1dy
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x
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x

x 2 x
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f ' x e Sec x 1 Tan x x e
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9 f x x e Cosec x
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x Sin 2x
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x Sin 2x

2x
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f
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( ) ( )
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2

2
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x
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2
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Examples
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Example (13) 

( )

( )
( )( ) ( )( )

( )

( )

( )

( )

x - x x - x x - x x - x 2 x 0 0 - 2 x 2 x 0 0 - 2 x

2 2
x -

x - x

x

x x - x

x

2 x

-

e e e e e e e e e e e e e e e e
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e e
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Find  the first derivative of f x
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Example (14) 
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Example (15) 
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2 x 4 x2 x
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1 e -2e 1 e 2e1 e
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s
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2 x 4 x2e 2e− +
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Sin
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Example (16) 

( )

2 2 2

2 2 2 2

2

2

2

Sin x Sin x Si

Sin x

n x

Sin x Sin x Sin x Sin x Sin x

y' 2 Sin e Cos e e 2

Find  the first derivative 

Sin xCos x
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Introduction

y n

a a a

a a a a a a

Means

10 a

Rule 1 If log  x  y    a x  Rule 2 log x n log  x 

x
Rule 3 log  x y log x log y Rule 4 log log x – log  y 

y

Rule 5 log  x  log x Rule 6 log a 1

− =   = − =

− = + − =

− ⎯⎯⎯→ − =

( )

( ) ( )

y

e e

n

a e

x

as they are inverse

from log to ln from ln to log

Rule 1 If ln  x  y    e x  Rule 2 ln x ln x , where x R

Rule 3 ln e 1 Rule 4 ln x n ln x

ln x 1
Rule 5 log x Rule 6 ln x

ln a log e

x
Rule 7 ln x y  ln x ln y  Rule 8 ln 

+− =   = − =

− = − =

− = − =

− = + −



( ) x ln x

ln x – ln y 
y

Rule 9 when power is unknown ln both sides Rule 10 ln e e x

=

− − = =

   Last year, we have taken the logarithmic functions, and we have known 

that it has the form ( ) a xf x = log , where the base a is positive constant number except 1 . 

And we have taken some rules of logarithms : 

 

( ) ( )x

e

It  comes from the latine name and it is"logarithmus naturali"

ln x log xdenoted by where is inverse to se l e n t

 

   he x e  fig

 

 

 ln x crosses the x - axis with sRema lork: pe 1

The Logarithmic functions

 ln xThe natural logarithmic function

xInverse o Domain :

 Pr

Range :f e R R  Typ

opertie

one

s 

 -  oe n

of ln

: e +

Rules
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( ) ( ) ( )

( )( ) 2

e

2

ln x 1 x 1 1 e x 1

x e 1 x e 1

+ − =  = −

 = +   = +

Answer

3 If ln x +1 + ln x - 1 = 1 , find x

 

 

( ) ( ) ( )

( )
( )

( )( )
( )
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2

2

0

x 4 x 2 x 2
ln 0 ln 0

x 2 x 2

ln

ln x 4 ln x 2

x 2 0 e x 2 1 x 2

x -1 refused S S.

0

.

− − +
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− −
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=
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Answer

4 If  , find x

 

( )

x

2

The power is unknown, then we can ln both sides

ln100
  ln 2   ln 100 x ln 2 ln 100       x  log 100 6.64

ln2
 =   =  = = =

Answer

x5 Find the S.S. of  x in : 2 = 100 to the nearest two decimal places

 

( ) ( )ln x 1
2   4

3

e

x 1 4 x

+

+ =  

=

=

Answer

Find the value of  x in :( )

0.3010 e x x 1

1 ln x 0.3010 , 

.35

 x

=  

=

An

If fin

r

d

swe

Sample Examples

The derivative of  the Exponential and logarithmic functions

xThe derivative of  a ln xThe derivative of  alog xThe derivative of  

Rules Rules Rules

( )  

( )  

  , a R 1

 , a R 1

+

+

= −

=

= −

 = 
 





x

x

b x

b x

y a

dy
 a lna

dx

y a

dy
 a lna b

dx

1  If  

Then

2  If  

Then
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 , a R 1+= −

  = 
  


g

g

x

x
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dy
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dx
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( )

( )

or = =

=

=

=

y ln x y ln x

dy 1
 

dx x

y ln a x

dy a
 

dx a x

1  If  

Then

2  If  

Then

Generally

( )

( )
( )

=

 = =

y ln g x

g' xdy derivative

dx g x itself

If  

( )

( )

=

=

=

=

a

a

y log x

dy 1
 

dx x ln a

y log b x

dy b
 

dx b xln a

1  If  

Then

2  If  

Then

Generally

( )

( )
( )

=

= =


ay log g x

g' xdy derivative

dx g x ln a itself lnbase

If  
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( )Sin x
y 2

...................................................................................................................................................

.......................................


=

Answer

............................................................................................................

............................................................................................

( )( ) ( )( )Sin x

.......................................................

............................................................................................. Ans : ln 2 Cos x 2


 

 
 

Find  the first derivative of each of the following functions: 

Example (1) 

( )

( ) ( ) ( )   

( )     

2

2 21 1

1

x

x

x

base

Note  use the rule of exponentials when the  and  

Then f ' x itself ln derivative the power

f ' x 10 ln 10 -2 x -2 x 1

f x 10

0 ln 10−

−

−

=  

  =  =
 

=

Answer

base is constant power is variable  

 

Example (2) 

( ) ( )

( ) ( ) ( )   

( ) ( ) ( )( ) ( )x x x x

x

base

Note  use the rule of exponentials when the  and  

Then f ' x itself ln derivative the power     

  f ' x 5 x 6 ln 6 1 6 1 5 x 6 ln 6 6

f x 5 x 6

=  

  = +  +  = + + 

= +

base is constant power is variable

Answer

 

 

Example (3) 

     ( ) ( )  

 

Sin x -5 x -5 x Sin x Sin x -5 x -

Sin x -5

5 x Sin x

-5 x Si

x

n x

y

Note  use the rule of exponentials when the  and  

dy
e 2 ln 2 -5 2 e Cos x -5ln 2 e 2 2 e Cos x

dx
dy

2 e Cos x 5ln2
d

e 2

x

    = + =

=

+
    





= −

Answer

base is constant power is variable

 

Example (4) 
 

 

Examples
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Find  the first derivative of each of the following functions: 
 

Example (1) 

( )

( ) ( ) ( )   

( )    ( )
2 2

2

x x

3 x 5x 2

base

5x 2 5x 2

Note  use the rule of exponentials when the  and  

Then f ' x itself ln derivative the power

f ' x 3 ln 3 6 x 5 3 6 x 5 ln 3

f x 3

− + −

+

+

−

=  

 = = −

=

 −

base is constant power is variable

Answer

 

 

Example (2) 

  ( )( )
2

2

2
2Sec x Sec

Sec x

x

Note  use the rule of exponentials when the  and  

dy
2 ln 2 2 Sec x Sec xTan x 2 Sec x Tan x 2 ln 2

dx

y 2

 
= =  

=

  

Answer

base is constant power is variable  

 

 

       

 

     

 

  

 

( )

( ) ( )

( )

( ) ( )

2

2 2

1 1
ln x 1 ln x 1

dy x x

dx ln x 1

1 1 1 1
ln x ln x

dy 2x x x x

dx ln x 1 x ln

ln x 1
8 y

ln x 1

x 1

   
+ − −   

   =
+

+ − +
= =

+

−
=

+

+

Answer

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

       

 

     

 

  

Mixed Examples

( ) ( )

( ) ( )
2

4 3 3 3 3 3

3

4 37

dy 3x
x ln x 4x 3x 4x ln x

dx x

y x ln x

 
 = + = +   

 

=

Answer

( ) ( )

2

3

3

6 y

dy 6

l

x

dx 2x

9

9

n 2x

=
+

= +

Answer

( )5 y 3 x ln

y 1

x

d
3

dx x
= +

= +

Answer

( )

1
dy 1x

dx

9 y ln

2 ln x 2x ln x

x=

= =

Answer

( ) ( )

....................................

....................................

............................

10 y ln C

........

Ans : -Co

x

t

e

x

os c=

Answer

( ) ( )

( )

5

dy 3

dx 3x 2 ln

11 y log 3x 2

5

−

=

=

−

Answer

( ) ( )

( )

( ) ( )

2

2

2 2x 3 2dy 4

dx 2x 3 ln102x 3 ln10

12 y log 2x 3

−

=

= =
−

−



−

Answer

( ) ( )

( )
d

1

y

3 y

Cos x

d

log 2 Sin x

x 2 Sin x ln10
=

+

= +

Answer
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Example (3) 

( )

( ) ( ) ( )( ) ( ) ( ) ( )
-3 -3 -2

2 x 1 2 x 1 2 x 1 2 x 1 2 x

2 x

1

-2
1

dy
-2 3 3 ln 3 2 -4 3 3 ln 3 -4 3 l

y 3

n 3
dx

− − − − −

−

 = 

=

= =
 

Answer  

 
Example (4) 

( )

( ) ( )

2

2 2

2 2

x x x

x

dy 2x 2x
e

y e ln x

ln x 1 e e ln x 1
dx x 1 x 1

1

   
 = + +  = + +    + +   

= +

Answer  

 
Example (5) 

( )

 
( )

5

xx x

x

x

x

e x 1dy xe e x 1

dx xe ln5 x

y log x

e ln5 xl 5

e

n

++ +
= =

=

=

Answer  

 
Example (6) 

( )

( )
( ) ( ) ( )

( )
( ) ( )

2 2
2

2

2x

x

x x
x3 3

3

dy
2 ln 2 3 ln 3 2x 2x 2 ln 2 3

2

3
dx

y

ln
 

    = =          

=



Answer  

 
Example (7) 

( )

( )
( )

2 2

2
2 2 2

2

2

2

2 2 22 2

2x x 1 x x 1 x
1 x 1 xdy 12 x 1 x 1 x 1 x 1

dx x x 1 x x 1 x x 1

y ln x

x 1x 1 x

1

x

x

1

− − +
+ + − +

− − − −= = = = =
+ − + − + −

=

−−

+ −

+ −

Answer  
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Example (8) 

( )

( ) ( ) ( )

2

2 2 22
2

2 2 22

2x

dy 1 1 x x 1 x 2x 12 x 1y ln x ln x 1
dx x x x 1 x x 1

Note you can differentiate directly, but it will be longer

x x 1x 1

y ln x x 1

 

− + −−= + −   = + = + = =
− − −

= −

−

Answer

 

 
 

Example (9) 

( )

( ) ( ) ( ) ( )

( )
( ) ( )( ) ( )( )

5 2 2

2
2 2

2 2

5

2

2

2

2

y ln 2x 1 ln x 1 5ln 2x 1 ln x 1

2x

2 x 1dy 5 2 10 x 10x 10 2x x 8x x 10

dx 2x 1 2x 1 x 1 2x

2x 1

1 x 1 2x 1 x 1x 1

Note  you can differentiate directly, but it will be longe

l

r

y n
x 1

= + − + = + − +

+ + − − − +
 = − = − = =

+ + + + + +

+

+

=

+

+

Answer

 

 

Example (10) 

( )

 

  ( )

3 2 2 2 2

2 2

3

-1

3

dy 1
x ln x 3x x 3x ln x x 1 3ln x

dx x

dy
When 0 x 1 3ln x 0 x 0  refused    or 1 3ln x 0

dx

-1
Then 3ln x -

dy
If 0 in the function y x ln x, then find  the val

1 ln x e

ue of x  for x 0
d

x
3

x

 
 =  + = + = +  

 

=   + =   = + =

=   =  





=

=

=

Answer

3

1
x

e
 =
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( )

 2 2
2 22 22

2 4

2

2

4 4 3

2

2x
x ln x 2x

2x 1 ln x 2 1 ln xln x dy 2x 2xln xx
Let   y

x dx x x x x

dy
When 0 2x 1 ln

dy 1
If 0 in the function y ln x , then find  the value of x  f

x 0 2x 0  

or x

x 0 re

0
dx x

f
dx

 
−     − −−     =  = = = =

 =   − =   =   = 

= = 

Answer

( )

2 2 2

used

Or 1 ln x 0 ln x 1 e x x e    or x - e− =   =   =   = =

Example (11) 
 

 
 
 
 
 
 
 
 
 
 
 

Example (12) 

( ) ( )

( ) ( )

( ) ( )

1

2 x

2

1

To

1

dy 2 xLet  y 2 x log x 2 x 2 log x
dx x ln 10

dy 1 1 dy 1
2 x 2 log x log x

dx 2x ln10 2 dx ln10

Note : in order to change ln x  log x   

dy
If  y log x , then prove that log

1
Rule

xe

 ln10
log

dx

 
 

=   =  + 
 
  

 
 =  +    = +

=


 

⎯ →

=

⎯ =

Answer

( ) ( ) ( ) ( )

10

0

dy 1
From 1 : log x log e log x log xe

dx 1

log e

e

 = + = + =
 
 
 

 

 
Example (13) 

( )( )

( ) ( )( )
( )

( )
( )

( )( ) ( )( )
( )( )

2

2 2

2

2

- x
- x

- x

- x

- Sin x - Tan x-e -1
Let y log e log Cos x  y'

Cos x ln2 ln2 ln2e l

Find the first derivative of the equation:    y log e Cos x

n2

- 1 Tan x - 1 Tan x
y'   or y' y' -log e 1 Tan x

1ln2

log e



   




   
 

= +   = + = +

+ +
 = =

=

 = +

Answer
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Example (14) 

( ) ( )
( )2 2

3x
3x 3 3x

x

x

3

1 e
log x 3e e 3e log x

xln10 xln10
y' 1

log x log

e
Find the first derivative of the equation:    y

Note when ln x and log x appear at the same problem , it is preferred to m

x

  

log x

 
  − −  

 = = − − −

=

Answer

( )

( )
( ) ( )

 

( )
2 2 2

3x 3x 3x
3x

3x

To

ake the problem in

             one shape either ln x or log x

1
Note : in order to change ln x  log x   

e log e 3 xe log x e log e
3e log x e 3 x log x log ex x xSubstitute in 1 : y'

log x log x x

ln 10
log

l x

e

og

⎯⎯

− −
=

→ =

−
= =

( )

( )

( )

0

2

1

2 2

2

3x

3x 3x 3x 3x 3x
3x

To ln x
Another method Note : in order to change log x ln x  log x

3 log e
y' e

log x x log x

ln x e 3e ln x e 3 x e ln x e
3e

ln10 xln10 ln10 xln10 x ln10 xln10
y' y' y'

ln x lln x

ln10

ln10

ln10

 
 = − 

  

− − −

 =   =   =
 
 
 

⎯⎯→ =

( )

( )

( )

( )

( ) ( )
( )

( )

( ) ( )

2

2

2

2 2

2

2 2

3x 3x

3x 3x

3x
3x

n x

ln10

3 x e ln x e
ln10 3 x e ln x exln10

y' y'
ln x xln10 ln x

ln10

e ln10 3 x ln x 1 3 1
y' e ln10

ln xx ln x x ln x

−
−

 =  =

 −
 = = − 
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From our previous study , we have taken the explicit differentiation .

And we knew that :  If  y is a differentiable function with respect to x, then the derivative of : 

 −=  isn n 1dy
 y x y'= = n x

dx

So, an Explicit function is one which is given in terms of the independent variable. 

2 y x   3 x 8 = + −Shape of  Explicit function like

On the other hand an Implicit function are usually given in terms of both dependent and 
independent  variables.

Shape of  Implicit function like 2 2x y  x y   3 x 8 0+ − + =

Note  Sometimes Implicit functions may be Explicit like :  y x 3− =

 how can we differentiate Implicit functions ? let's ask another questionSo,

The answer isDoes ? No .....   = ⎯⎯⎯⎯⎯→

 ⎯⎯→

3 2

3 2

Because when we differentiate with respect to x and the answer doesn't include x.

dy
Then we must add  in order to respe

d
y 3y why ?!!!!

dx

dyd
So y 3y

ct t

Th
dx d

at

x

h  x
dx

( ) ( )

( ) ( ) ( )

( )

( ) ( )

 
 
 



2 3 2 2 3 2 2 3

2

62

dy dyd
1 x y = x + y 1 = x + y

dx dx dx

dy dyd
2

is is the right answ

Some examples on der

2x y = 2x 3y + y 4x = 6x y + 4x y
dx dx dx

dy
y - x

d x dx3 =
dx y

ivatives with respect

y

d
4 x - 3

 to 

x + 2
d

x

r

x

e  

6 x( ) ( ) ( )

( ) ( ) ( )
       
                 

5 32 2

6 61 -1 1 17
2 2 2 2

- 3x + 2 2x - 3 = 12x - 18 x - 3x + 2

dy dyd 1 x
5 1+ 2x y = 7 1+ 2x y 2x y + y 2 = 7 1+ 2x y - 2 y

dx 2 dx dxy

Implicit differentiation
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...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

.............................................................................
dy -Cos y 2yCos2x

................... Ans :
dx Sin2x x Sin y

−
=

−

 
 

Find  the first derivative in each of the following :  

( ) 2 21  x 4 x y 3y 2x 5+ − − =  

Answer  

 

Differentiate with respect to x :

dy dy dy dy
2x 4 x 4 y 6 y 2 0 " Divideby 2" x 2x 2y 3y 1 0

dx dx dx dx

dy dy 1 2y x
2x 3y 1 2y x

dx dx 2x 3y

+  + − − =  +  + − − =

− −
− = − −  =

−

 

 

( ) 3 2 22  y 2x y 3x y 0+ − =  

Answer

( )2 2 2 2 2 2

2
2 2 2

2 2

Differentiate with respect to x :

dy dy dy dy dy dy
3y 2x 4x y 3x 2y 3y 0 3y 2x 4x y 6 x y 3y 0

dx dx dx dx dx dx

dy dy 3y 4 x y
3y 2x 6 x y 3y 4 x y

dx dx 3y 2x 6 x y

 
 + + − + =  + + − − = 

 

−
 + − = +  =  + −

 

 

( )3  Sin3 y Cos 2x 0− =  

Answer  

  

Differentiate with respect to x :

Sin3 y Cos2x 0

dy dy dy -2Sin2x
3 Cos3y 2Sin2x 0 3 Cos3y -2Sin2x

dx dx dx 3Cos3y

− =

+ =  =  =

 

 

( )4  x Cos y y Sin2x 1+ =  

Answer  

 

 

 

 

 

 

 

 

 

 

 

 

    

 

 

Examples
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2 2

2 2

2 2 2 2

2 2

dy
2x 2y

dy dy dy dydxBy differentiating w. r. t x:    x y 2x 2y
dx x y dx dx dx

dy dy dy dy dy 2x
 x y 2y 2x x y 2y 2x
dx dx dx dx dx x y 2y

+
 =   + = +

+

  + − =   + − =   =  + −

Example (5) 
dy

If  Sin y Cos2x Tan4x 0 , then find   at  x
dx 4


− + = =  

Answer

( )

( ) ( )

2

2

2

o o

Sin4x d 4
Tan4x Tan4x 4Sec 4x

Cos4x dx Cos 4x

dy
So , by differentiate with respect  to x : Cos y 2Sin2x 4Sec 4x 0 1

dx

When x Sin y Cos 90 Tan180 0  Sin y 0     y 0
4

dy
Then by substitute in 1 : Cos 0 2Si

dx



=   = =

+ + = − − −

=  − + =   =   =

+ 2 dy dy
n 4Sec 0 2 4 0 -6

2 dx dx




 
+ =  + + =  = 

 
 

 

Example (6) 

y dy
If  e Cos x 1 Sin x y, then find  

dx
= +  

Answer  

  ( )

( ) ( )

( ) ( )

( ) ( )
( )

y y

y y

y y

y
y y

dy dy
By differentiating w. r. t x:    e -Sin x Cos x e Cos x y  x y

dx dx

dy dy
-e Sin x e Cos x x Cos x y y Cos x y

dx dx

dy dy
e Cos x x Cos x y y Cos x y e Sin x

dx dx

y Cos x y edy dy
e Cos x x Cos x y y Cos x y e Sin x

dx dx

 
 + = +  

 

 + = +

 − = +

+
  − = +   =  ( )y

Sin x

e Cos x x Cos x y−

 

 
Example (7) 

( )2x y x y x y
If  e x y, then prove that: xe 1 y' 2x ye= + − = −  

Answer  

 

( )

x y x y x y

x y x y x y x y

By differentiating w. r. t x:    e x y' y 2x y'   e x y' e y 2x y'

e x y' y' 2x e y y' e x 1 2x e y

+ = +   + = +

 − = −   − = −
 

 

Example (8) 

( )2 2 dy
If  y ln x y , then find  .

dx
= +  

Answer  
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-1 -1 -1 -1

2 2 2 2

-1 -1 -1 -1 -1 -1 -1 -1

2 2 2 2 2 2 2 2

-1 -1

2 2

-1

2

y y x x

x y x y x y x y

x y

x

-1 dy -1 dy
By differentiating w. r. t x:   x e e y e e 0

2 dx 2 dx

dy 1 dy 1 dy 1 1
 e x e y e e  e xe y e e
dx 2 dx 2 dx 2 2

1
y e e

dy 2 
dx 1

e

     
+ + + =     

     

 
 − = −   − = − 

 

−
 =

−

( )
( )

-1

2

0 -1

0

y
 , then substitute in the original function by x 0 y 2

x e
2

1
2 e e

dy 1 e 12Then at 0 ,2  1
dx e 0 e e

=   =

−
−

  = = − =
−

Example (9) 

x/ y dy
If  e x y, then find  

dx
= −  

Answer  

( )2

2

2 2 2 2

2 2 2 2

x/ y

x/ y x/ y x/ y

x/ y x/ y x/ y x/ y

dy
y x

dydxBy differentiating w. r. t x:    e 1    multiply both by y
y dx

dy dy dy dy
e y x y y ye x e y y

dx dx dx dx

dy dy dy dy y
y x e y ye y x e y ye

dx dx dx dx

 
− 

= − 
 
 

 
 − = −   − = − 

 

  − = −  − = −   =
 

2

2

x/ y

x/ y

ye

y x e

−

−

 

 
 

Example (10) 
dx

If  x Cosec y y Cot x, then find  
dy

=  

Answer  

  2

2

2

dx dx
By differentiating w. r. to  y:   x -Cosec y Cot y Cosec y y -Cosec x Cot x

dy dy

dx dx
  - xCosec y Cot y Cosec y - y Cosec x Cot x

dy dy

dx dx
  Cosec y y Cosec x Cot x xCosec y Cot y

dy dy

dx
  Cosec y y Cosec

dy

   
  + = +    

   

 + = +

 + = +

 + 2

2

dx Cot x xCosec y Cot y
x Cot x xCosec y Cot y

dy Cosec y y Cosec x

+
 = +   =  +

 

Example (11) 
-1 -1

2 2
y x dy

If  x e y e 2, then find   at x 0
dx

+ = =  

Answer  
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Introduction

 
 

 
 
                         To differentiate a complicated function, it may take a long time to solve  

 

it by the traditional way of rules we have taken before, so solving this kind of differentiation 
which involves complicated products, quotients, or powers can often be simplified by taking 
logarithms. 

You should distinguish carefully between the Power Rule ( )n n 1d
x n x

dx

−= , where the base is 

variable and the exponent is constant, and the rule for differentiating exponential  functions 

( )x xd
a a lna

dx
=  , where the base is constant and the exponent is variable. 

 
 

In general there are four cases for powers and bases 
 

    

( ) ( )

( ) ( ) ( ) ( )

( )  
( )

 
( )

( ) ( )

( ) ( )
( )

b

b b 1

d
1 Constant  ,  Constant  a 0

dx

d
2 Variable  ,  Constant  f x b f x f ' x

dx

d
3 Constant  ,  Variable  a a ln a f ' x

dx

d
4 Variable  ,  Variable  logarithmic

dx

−

 =

 =       

 = 

 =  

f x f x

g x

base power

base power

base power

base power f x differentiation

 

 

Steps to solve complicated derivatives: 
 

1. ln the both sides of the equation and use the laws of logarithms to simplify. 
2. Differentiate implicitly with respect to x . 
3. Solve the resulting equation for y'. 

If ( ) f x 0  for some values of x , then ( )ln x is not defined, but we can write ( )=y f x . 

 
 
 
 
 
 
 
 
 
 
 
 

Complicated differentiation

( )as it is complicated
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Find  the first derivative in each of the following :  
 

( ) 2x1  y x=  

Answer  

 

( ) ( )

2x

2x

Note  Ln both sides when the 

ln y ln x ln y 2xln x 

y' 1 y'
Then differentiate w.r.to x : 2x ln x 2 2 2 ln x

y x y

y' 2y 1 ln x y' 2 x 1 ln x

 =   =

 
 = +  = + 

 

 = +   = +

base and power are variables

 

 

( ) ( )
1

x2  y x=  

Answer  

( )

( )

2 2

x

2 2 2

1

x

1

x

Note  Ln both sides when the 

ln x
ln y ln x ln y  

x

1
x ln x

y' y' 1 ln xx
Then differentiate w.r.to x :

y x y x

1 ln x 1 ln x 1 ln x
y' y y' x x

x x x

 =   =

 
−  −  =  =

− − −     
 =   = =     

     

base and power are variables

 

 

( ) ( )3
x

3  y x 5= +  

Answer  

( ) ( )

( ) ( )

( ) ( )

3 3

2 3
3 3

3 3

3 3
3 3

3 3

x

x

Note  Ln both sides when the 

ln y ln x 5 ln y x ln x 5

y' 3x y' 3x
Then differentiate w.r.to x : x ln x 5 ln x 5

y x 5 y x 5

3x 3x
y' y ln x 5 y' x 5 ln

x 5 x 5

 = +   = +

 
 = + +   = + + 

+ + 

 
 = + +   = + + 

+ + 

base and power are variables

( )3x 5
 

+ 
 

 

 
 

 

 

Examples



  

Calculus  –  3rd secondary                                                                            Unit I - Rules of differentiation - 37 - 

( ) ( )
2x 3

4  y 3 x
+

=  

Answer  

( ) ( ) ( ) ( )

( ) ( )   ( )

( ) ( )

2 2
2

2
2

2

x x3 3

Note  Ln both sides when the 

ln y ln3 x ln y ln3 ln x ln y ln3 x 3 ln x

y' 1 y' x 3
Then differentiate w.r.to x : x 3 ln x 2x 2x ln x

y x y x

x 3
y' y 2x ln x y' 3 x

x

+ +
 =   = +   = + +

+ 
 = + +   = + 

 

 +
 = +   = 

 

base and power are variables

( )
2 2

x 3 x 3
2x ln x

x

+  +
+ 

 

 

 

( ) ( )
Tan x

5  y Sin x=  

Answer  

( ) ( )

( )

( ) ( )

2

2 2

Tan x

Note  Ln both sides when the 

ln y ln Sin x ln y Tan x ln Sin x

y' Cos x
Then differentiate w.r.to x : Tan x ln Sin x Sec x

y Sin x

y'
1 Sec x ln Sin x y' y 1 Sec x ln Sin x

y

y' S

 =   =

 
  = +   

 

  = +   = + 

 =

base and power are variables

( ) ( )2Tan x
in x 1 Sec x ln Sin x + 

 

 

( )
2Cot x

6  y x=  

Answer  

( ) ( ) ( )

( ) ( ) ( )

( )
( ) ( )

( )
( ) ( )

2
2

2 2 2

2 2

2 2 2 2

Cot x

Note  Ln both sides when the 

ln y ln x ln y Cot x ln x

y' 1
Then differentiate w.r.to x : Cot x ln x -2xCosec x

y x

Cot x Cot xy'
2x Cosec x ln x y' y 2x Cosec x ln x

y x x

 =   =

    = +    


 = −   = −

base and power are variables

( )
( )

( ) ( )
2

2

2 2Cot x Cot x
y' x 2x Cosec x ln x

x


 
  

 
 = − 
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...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

...................................................................................................................................................

....................................

( )
( )

( ) ( )
Cos x

...............................................................................................................

3Cos x
..................................................... Ans : y' - 1 3x Sin x ln 1 3x

1 3x
= − + −

−

 
 
 

( ) 2 x y
7  y 3 2=   

Answer  

( )

 

st

2 2

x y y x

y x y x

1  method

dy dy
Differentiate w.r.to x : 2y 3 2 ln2 2 3 ln3

dx dx

dy dy dy dy
2y 2 3 ln2 2 3 ln3 2y y ln2 y ln3 divide by y

dx dx dx dx

dy dy dy dy
2 y ln2 y ln3 2 y ln2 y ln3

dx dx dx dx

dy dy y ln3
2 y ln2 y ln3

dx dx 2

 
 = +   

 

 = +   = +

 = +   − =

 − =   =

 

 

nd

2 x y x y

2  method ln  both sides

ln y ln 3 2 2 ln y ln 3 ln 2 2 ln y x ln 3 y ln 2

y' y'
Then differentiate w.r.to x : 2 ln 3 y' ln 2 2 ln 3 y' ln 2

y y

2 y' y ln 3 y y' ln 2 2 y' y y' ln 2 y ln 3

y l

y l

n 3
y' 2 yln 2 y ln 3 y'

2 yln 2

n2

 =    = +   = +

 = +   = +

 = +   − =

 − =   =
−

−

 

 

( ) ( )
Cos x

8  y 1 3x= −  

Answer  
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( ) ( )
Cos x

9  y ln x=  

Answer  

( ) ( )

( )  

( ) ( )

Cos x

Note  Ln both sides when the 

ln y ln ln x ln y Cos x ln ln x

1
y' xThen differentiate w.r.to x : Cos x ln ln x - Sin x
y ln x

y' Cos x Cos x
Sin xln ln x y' y Sin xln ln x

y x ln x x ln x

 =   =

 
 

 = + 
 
 

 
 = −   = −

 

base and power are variables

( ) ( )
Cos x Cos x

y' ln x Sin xln ln x
x ln x



 
 = − 

 

 

 

( )
( )

3

24

5

x x 1
10  y

3x 2

+
=

+
 

Answer  

( )
( )

( ) ( ) ( ) ( )

3
324

524
5

3 1
52 24 2

Note  The function is complicated product and quotient , so ln both sides to simplify

x x 1
ln y ln ln y ln x x 1 ln 3x 2

3x 2

3 1
ln y ln x ln x 1 ln 3x 2 ln y ln x ln x 1 5ln 3x 2

4 2

Then differentiate 

+
 =   = + − +

+

 = + + − +   = + + − +

( )

2

2 2

3

24

5 2

y' 3 1 1 2x 5 3
w.r.to x :

y 4 x 2 x 1 3x 2

y' 3 x 15 3 x 15
y' y

y 4x x 1 3x 2 4x x 1 3x 2

x x 1 3 x 15
y'

4x x 1 3x 23x 2

   
 = + −   + +   

 
 = + −   = + − + + + + 

+  
 = + − + + +

 

 
 

 

 

 

 

 

 




